The First Slope Case of Wan's Conjecture  by Scholten, Jasper & Zhu, Hui June
Finite Fields and Their Applications 8, 414–419 (2002)
doi:10.1006/ffta.2001.0349The First Slope Case of Wan’s Conjecture
Jasper Scholten
Mathematisch Instituut, Katholieke Universiteit Nijmegen, Postbus 9010, 6500 GL
Nijmegen, The Netherlands
E-mail: scholten@sci.kun.nl
and
Hui June Zhu
Department of Mathematics, University of California, Berkeley, California 94720-3840
E-mail: zhu@alum.calberkeley.org
Communicated by Daqing Wan
Received September 25, 2001; revised November 11, 2001; published online March 27, 2002
Let d  2 and p a prime coprime to d. For f ðxÞ 2 ðZp \QÞ½x, let NP1ðf mod pÞ
denote the ﬁrst slope of the Newton polygon of the L-function of the exponential
sums
X
x2Fp‘
z
TrF
p‘
=Fp ðf ðxÞÞ
p :
We prove that there is a Zariski dense open subsetU in the space Ad of degree-d monic
polynomials over Q such that for all f ðxÞ 2 U we have limp!1 NP1ðf mod pÞ ¼ 1d.
This is a ‘‘ﬁrst slope case’’ of a conjecture of Wan. # 2002 Elsevier Science (USA)
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polygon; Zeta and L functions over ﬁnite ﬁelds; Wan’s conjecture.Let d  2 be an integer and p a prime coprime to d. Let Ad be the set of
all degree-d monic polynomials over Q. For any f ðxÞ ¼ xd þ ad1xd1 þ
   þ a0 2 ðZp \QÞ½x and for any integer ‘  1 let
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THE FIRST SLOPE CASE OF WAN’S CONJECTURE 415The L function of f ðxÞmod p is deﬁned by
Lðf mod p; T Þ ¼ exp
X1
‘¼1
S‘ðf ÞT
‘
‘

:
It is a theorem of Dwork–Bombieri–Grothendieck that
Lðf mod p; T Þ ¼ 1þ b1T þ    þ bd1T d1 2 Z½zp½T 
for some p-th root of unity zp in %Q. Deﬁne the Newton polygon of f mod p,
denoted by NPðf mod pÞ, as the lower convex hull of the points ð‘; ordpb‘Þ
in R2 for 0  ‘  d  1 where we set b0 ¼ 1. It is exactly the p-adic Newton
polygon of the polynomial Lðf mod p; T Þ. Let NP1ðf mod pÞ denote its ﬁrst
slope. Deﬁne the Hodge polygon HPðf Þ as the convex hull in R2 of the points
ð‘; ‘ð‘ þ 1Þ=ð2dÞÞ
for 0  ‘  d  1. It is proved that the Newton polygon always lies above
the Hodge polygon (see [3,6, and 2]). The following conjecture was proposed
by Wan in the Berkeley number theory seminar in the fall of 2000, a general
form of which will appear in [7, Section 2.5].
Conjecture 1 (Wan). There is a Zariski dense open subset U in Ad such that
for all f ðxÞ 2 U we have limp!1 NP ðf mod pÞ ¼ HPðf Þ:
The cases d ¼ 3 and 4 are proved in [6] and [4], respectively. It is also
known that if p  1 mod d then NPðf mod pÞ ¼ HPðf Þ for all f 2 Ad (see
[1]). In this paper we use an elementary method to prove the ‘‘ﬁrst slope
case’’ of this conjecture.
For any real number r let dre denote the least integer greater than or equal
to r. For any integer N and for any Laurent polynomial gðxÞ in one variable,
we use ½gðxÞxN to denote the x
N -coefﬁcient of gðxÞ.
Theorem 2. Let d  2 and p a prime coprime to d. Let f ðxÞ be a degree-d
monic polynomial in ðZp \QÞ½x. Suppose
f ðxÞ
p1
d
  
xp1
c0 mod p:
If p > d2 þ 1 then NP1ðf mod pÞ ¼
p1
d
 
=ðp  1Þ.
Proof. Suppose p > d
2
þ 1. For k  0 let ck :¼
Pp1
x¼0 ð
f ðxÞ
k Þ. Then
ck 
X
0ndeg f ðxÞk
	 
 f ðxÞk
 !" #
xn
X
%x2Fp
%xn mod p; ð1Þ
JASPER SCHOLTEN AND HUI JUNE ZHU416where 00 is deﬁned as 1. Note that if k is an integer such that 0  k5 p1d
 
then k5p1d , and consequently degð
f ðxÞ
k Þ ¼ dk5p  1.
If d2 þ 15p5d then
p1
d
 
¼ 1 and d p1d
 
52ðp  1Þ. If p > d then
d
p  1
d
 
 d
p þ d  2
d
52ðp  1Þ:
So for all p > d
2
þ 1 we have
deg
f ðxÞ
p1
d
 
 !
¼ d
p  1
d
 
52ðp  1Þ:
Consider the elementary fact that
P
%x2Fp
%xn ¼ 0 if ðp  1Þ /j n or n ¼ 0, andP
%x2Fp
%xn ¼ 1 otherwise. Combining with the estimates on degðf ðxÞk Þ above,
it follows from (1) that ck ¼ 0 for k5
p1
d
 
and
c p1
d
    1p1
d
  ! f ðxÞ p1d  
xp1
c0 mod p:
We abbreviate NP1 for NP1ðf mod pÞ in this proof. Let p ¼ zp  1, so
ordpðpÞ ¼ 1p1. Then S1ðf Þ ¼
P
%x2Fp ð1þ pÞ
f ð %xÞ 
Pp2
k¼0 ckp
k mod p, hence
NP1  ordpðS1ðf ÞÞ ¼
p  1
d
 
ðp  1Þ: ð2Þ
Denote the horizontal length of the ﬁrst-slope-segment of NPðf mod pÞ
by ‘. From the fact the Newton polygon is above the Hodge polygon it
follows that
‘ð‘ þ 1Þ
2d
 ‘NP1:
Combining this with the inequality in (2) yields
‘ þ 1 
2d
p  1
p  1
d
 
: ð3Þ
If 2d
3
þ 15p  d þ 1 then p1d
 
¼ 1 and (3) implies ‘ þ 153, hence ‘ ¼ 1.
If 4d3 þ 15p52d then
p1
d
 
¼ 2 and (3) again implies ‘ ¼ 1. If 2d5p then
‘ þ 1 
2d
p  1
p  1
d
 

2dðp þ d  2Þ
ðp  1Þd
5
3p  4
p  1
53
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d
2
þ 15p 
2d
3
þ 1
then
p  1
d
 
¼ 1 and ‘ þ 1 
2d
p  1
54;
so ‘  2. If
d þ 15p 
4d
3
þ 1
then
p  1
d
 
¼ 2 and ‘ þ 1 
4d
p  1
54;
so again ‘  2.
We remark that the y-coordinates of bending points of NPðf mod pÞ are
integral multiples of 1p1 because Lðf mod p; T Þ 2 Z½zp½T . The Hodge
polygon bound gives NP1  1d. So if ‘ ¼ 1 then ðp  1ÞNP1 is an integer
 p1d , hence NP1 
p1
d
 
=ðp  1Þ. If ‘ ¼ 2 then 2ðp  1ÞNP1 is an integer
 3ðp1Þd , hence NP1 

3ðp1Þ
d

=ð2ðp  1ÞÞ. We have seen that this case only
occurs for d
2
þ 15p  2d
3
þ 1 or d þ 15p  4d
3
þ 1, which implies
3ðp  1Þ
d
 
¼ 2;
p  1
d
 
¼ 1 or
3ðp  1Þ
d
 
¼ 4;
p  1
d
 
¼ 2;
respectively, and consequently
3ðp  1Þ
d
 
ð2ðp  1ÞÞ ¼
ðp  1Þ
d
 
ðp  1Þ:
This proves the theorem. &
Theorem 3. Let d  2. Let U be the set of all monic polynomials
f ðxÞ ¼ xd þ ad1xd1 þ    þ a0 in A
d such that ½f ðxÞ
p1
d
 
xp1c0 mod p for
all but finitely many primes p. Then U is Zariski dense in Ad . For every
JASPER SCHOLTEN AND HUI JUNE ZHU418f ðxÞ 2 U we have
lim
p!1
NP1ðf mod pÞ ¼
1
d
: ð4Þ
Proof. Let r be any integer with 1  r  d  1 and gcdðr; dÞ ¼ 1.
Let r0 be the least non-negative residue of 1 rmod d. Let
h :¼
Q
1rd1
gcdðr;dÞ¼1
hr; where
hr :¼
Xr0
‘¼0
r01
d
‘
 !
ðAd1x1 þ    þ A0xd Þ
‘
" #
xr0
2 Q½A0; . . . ;Ad1:
By the hypothesis on r and r0, we see that 15r
01
d 51 and
r01
d =0, and
hence
½hrAr0d1
¼
r01
d
r0
 !
=0 for every r:
Therefore the polynomial h is not zero.
For every prime p  rmod d we have
p  1
d
 
¼
p  1þ r0
d

r0  1
d
mod p:
So
f ðxÞ
p1
d
  
xp1
¼ ½ðxdf ðxÞÞ
p1
d
 
xr0
¼ ½ð1þ ad1x1 þ    þ a0xd Þ
p1
d
 
xr0
¼
Xr0
‘¼0
p1
d
 
‘
 !
ðad1x1 þ    þ a0xdÞ
‘
" #
xr0
 hrða0; . . . ; ad1Þmod p:
Thus f ðxÞ 2 U if and only if hða0; . . . ; ad1Þc0 mod p for all but
ﬁnitely many p. The latter is equivalent to hða0; . . . ; ad1Þ=0. But we
already know that h is a nonzero polynomial, so U must be Zariski dense
in Ad .
THE FIRST SLOPE CASE OF WAN’S CONJECTURE 419Let f ðxÞ 2 U. Then there exists an integer N such that for all p > N we
have
NP1ðf mod pÞ ¼
p1
d
 
p  1
by Theorem 2. Therefore, for every f ðxÞ 2 U we have (4) holds. &
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